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ABSTRACT 

Let n be an integer greater than one. Our main result, called the "Struc- 

ture Theorem" is that a set that contains n - 1 disjoint continua that are 

cut by a single line cannot be an n-point set, that is, a set that meets 

every line in precisely n points. This theorem unifies and significantly im- 

proves upon a number of known theorems. The second part of the paper 

is devoted to several theorems that address the question when a set that 

meets every line in at most n points can be extended to an n-point set. 

These theorems also highlight the sharpness of the Structure Theorem. 

1. I n t r o d u c t i o n  

If n is an integer greater than one then an n - p o i n t  se t  is a subset of the plane 

that  meets every line in precisely n points. A planar set is called a p a r t i a l  n- 

p o i n t  se t  if it meets every line in at most n points. The existence of n-point 

sets is implicit in Mazurkiewicz [16] and was formally established in [1] and [19]. 

A good source of information about these sets is Mauldin [15]. 

An a r c  is a space that  is homeomorphic to the interval I = [0, 1]. I t  has long 

been known that  two-point sets cannot contain arcs; see Larman [14]. In an 
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a t t empt  to generalize this fact to n-point sets Bouhjar, Dijkstra, and van Mill 

[4] were surprised to find that  four-point sets can contain arcs whereas three- 

point sets do not contain arcs. The pr imary aim of this paper is to present 

an overarching theorem, which we like to call the Structure Theorem for n-Point 

Sets, that  gives in a sense a precise count of tile number of arcs that  an n-point set 

can contain and thereby provides an explanation for the phenomena discovered 

in [4]. 

A s ide  of a line £ in the plane is a component of R 2 \ 6. We say that  a line e 

c u t s  a subset A of R 2 if A contains points on both sides of g. 

STRUCTURE THEOREM 1: I f  n >_ 2 and X is an n-point set, then every line cuts 

at most  n - 2 pairwise disjoint subcontinua of  X .  

If u is a point in a space X then we say that  X is z e r o - d i m e n s i o n a l  a t  u 

(notation indu X -- 0) if u has a neighbourhood basis in X consisting of clopen 

sets. A nonempty space is zero-dimensional (notation ind X = 0) if it is zero- 

dimensional at each of its points. 

The following result is a somewhat more technical but stronger version of the 

Structure Theorem. 

STRUCTURE THEOREM 2: Let n _> 2 and X be an n-point set that  contains 

n - 2 pairwise disjoint continua C 1 , . . . ,  Cn-2 that are all cut by some line 2. I f  
n - - 2  u c C N X \ Ui=I Ci then indu X = O. 

§2 of this paper is devoted to the proof of these theorems. In §3 we present a 

number of extension theorems and examples that  highlight the sharpness of the 

structure theorems. 

2. T h e  s t r u c t u r e  t h e o r e m s  

We start  with a few definitions. We shall use the standard inner product and 

norm on the vector space R2: (x, y) .  (x', y') = xx '  + yy'  and Ilull = Uv/U-~. The 

origin is denoted by 0. If X C R 2 then int X ,  OX, and X denote respectively 

the interior, the boundary, and the closure of X in the plane. If  e > 0 and 

d C R 2 then Ue(A) - -  {u e R2: I t u - v l l  < e f o r s o m e v  • A}. I f u  and v are 

distinct points of R 2 then L(u, v) denotes the line through u and v. Let }~ be the 

projective line. If a polar coordinate system has been chosen for the plane then 

we identify ? with the circle group R/TrZ. If ~ is a line in the plane then 0(Q • 

denotes the angle of inclination of 2. The cardinality of a set X is denoted by 

IxI. 
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A space is called r i m - f i n i t e  if there is a basis for the topology consisting of 

sets with finite boundaries.  Obviously, every par t ia l  n-point  set is rim-finite (and 

hence at  most  one-dimensional) .  According to Menger [17, pp. 56, 256] every rim- 

finite cont inuum is arcwise connected so a (partial)  n-point  contains a nontr ivial  

cont inuum if and only if it contains an arc. 

This  section is devoted to the proof  of Theorems  1 and 2. Let us first men- 

t ion several known theorems tha t  are corollaries of the s t ructure  theorems.  The  

following result was first proved by L a r m a n  [14] and is equivalent to Theo rem 1 

with n = 2 subst i tuted.  

LEMMA 3: No two-point set contains arcs. 

The  next  result  is due to Kulesza [12] and is precisely the Second St ruc ture  

Theo rem for n = 2. This  is no surprise because Kulesza 's  proof  is the ma in  

ingredient of the a rgument  t ha t  leads us fi 'om the First  St ructure  Theo rem to 

the Second. 

THEOREM 4: Every two-point set is zero-dimensional. 

The  following theorem is the main  result in Bouhjar ,  Dijkstra,  and van Mill [4]. 

I t  is equivalent to bo th  s t ructure  theorems with the subst i tu t ion n = 3. 

THEOREM 5: No three-point set contains arcs. 

Proof'. With  Menger [17] we obviously have tha t  this theorem implies bo th  

s t ructure  theorems for n = 3. 

In order to show tha t  St ructure  Theo rem 1 implies Theorem 5 let X be a three- 

point  set and let c~: I -+ X be an embedding.  P u t  p = a(0)  and q = c~(1) and 

let ~ be a line parallel  to L(p, q), tha t  intersects the arc A = c~([0, 1]), and with 

m a x i m u m  distance towards L(p, q). Let t c (0, 1) be such tha t  a ( t )  E ~ n A and 

select 7" E (0, t) close enough to t such tha t  c~(r) lies on the same side of L(p, q) 
as c~(t). Let, (.' be a line parallel to L(p, q) t ha t  separates  L(p, q) f rom c~(r) and 

a ( t ) .  Then  ft cuts the disjoint cont inua c~([0, r]) and ct([t, 1]), in violat ion of 

Theo rem 1. | 

The  following result was obta ined by Bouhjar ,  Dijkstra,  and Mauldin [3] using 

results from Mauldin [15]. 

THEOREM 6: No n-point set  is an Fo-set in the plane. 
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Let X C R 2 be such that  X intersects every vertical line in exactly n points. 

Then there exist unique fimctions ~ l , . . . , ~n :  R --+ R such that  ~l(x) < - .-  < 

~ (x) for every x E R and X equals the union of the graphs of the ~i's- Proposition 

3.2 in [4] states that  if X is an Fo-set then there exists a non-degenerate interval 

[a, b] such that  every ~i][a, b] is continuofis. Theorem 6 was obtained in [3] by 

showing in essence that  if there exists a line in every direction that  cuts n pairwise 

disjoint arcs in X then X cannot be an n-point set. Both structure theorems are 

substantial improvements over this result. 

We now present three technical lemmas that  will be used extensively in the 

proof of Theorem 1. 

If  g is a line and X is a subset of the plane then we say that  a point u E g (1 X 

is a c ros s ing  of g with X if every neighbourhood of u in X is cut by ~. 

LEMMA 7: I f  a line g cuts a connected set A in the plane and ind(A M g) = 0 

(e.g., i r A  is a partial n-point set) then there exists a crossing o f t  with A. 

Proof: Let C1 and C2 be the two components of R 2 \ g and let Fi be the closure 

in A of Ci M A for i = 1, 2. Define the open set U = A \ (F1  U F2) in A and note 

that  U C A N e. If  a E U then select a closed neighbourhood F of a in A such 

that  F C U. Since ind U _ ind(A M g) = 0 we can find a clopen subset O of U 

with a E O C F. Then O is clopen in the connected space A and hence O = A. 

So A C U C g which violates the assumption that  g cuts A. Consequently, U 

must be empty and F1 U F2 = A. Since A is connected we have F1 M F2 ~ ~. Any 

element of Fx M F2 is a crossing of g with A. I 

If A is a subset of the plane and a E A then we call a an a r c - p o i n t  of A if a 

is contained in an arc that  is a subspace of A. 

LEMMA 8: Let n E N, let 0 be a nonempty  open subset of  P, and let u C A C R 2 • 

I f  for every line g through u with O(g) E O, we have ind(g M A) = 0 and g N A 

contains at least n arc-points of  A \ { u } ,  then there is a line g through u such 

that O(g) E 0 and g cuts at least n pairwise disjoint arcs in A \ {u} .  

Proof: Let £ stand for the set of all lines through a with angle of inclination 

in O. Let m be the maximum number of pairwise disjoint arcs in A \ { a }  that  

are cut by some line in £ and assume that  m < n. So let ~ E £ be such that  

there exist pairwise disjoint arcs C 1 , . . . ,  Cm in A \ { a }  that  are cut by L Select 

with Lemma 7 a crossing bi of g with Ci for each i _< m. Since m < n there is a 

point b0 C g and an arc Co C A \ { a }  such that  bo ~ {b l , - . . , bm} and bo E Co. 

We may assume without loss of generality that  Co is disjoint from every other 
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Ci. Let the continuous map p: R 2 \ { a }  --+ P be given by p(u) = O(L(a,u)). 

Note that  for 1 < i < m, 0(£) is an interior point of p(Ci) and hence there is an 

e > 0 such that  the interval [0(~) - e, 0(2) + e] is contained in O N [~i~1 p(Ci). 

Since ind(t? N A) = 0 the line g does not contain Co and hence p(Co) is a non- 

degenerate interval that  contains 0(2) = p(bo). Let 6 > 0 be such that  ~ < e and 

[0(2) - & 0(2)] or [0(2), 0(e) + 6] is contained in p(Co). See Figure 1. 

~ b l  ~ b 2  

c1 

Figure 1 

If 2' is a line through a with 0(2') interior point of whichever interval of the 

two is contained in p(Co) then 2' cuts every Ci, 0 < i < m, contradicting the 

maximali ty of m. | 

Let 7rl, zr2: R 2 --+ R be the projections onto the x-axis respectively the y-axis. 

We choose the usual polar coordinate system for the plane, which means that  

7r/2 E P represents the vertical lines. 

From now on for the remainder of this section let n be a fixed integer greater 

than one. 

LEMMA 9: Let X C •2 be such that for each point u E X there is a neighbour- 

hood U~ of  ~r/2 in P such that for each line ~ through u with 0(2) E U~ we have 

I£NX] <_ n. I f  the y-axis cuts n - 1 pairwise disjoint arcs contained in X and i f  no 

vertical line intersects X in precisely n - 1 points then there exist an c > 0 and 

n continuous functions ~1 < . . .  < ~n: ( - ¢ , c )  -+ R such that X A ( ( - c ,¢ )  x R) is 

the union of  the graphs of  the ~i 's. 

Proof: Note that  the assumptions imply that  every vertical line intersects X 

in either exactly n points or in fewer than n - 1 points. Let C 1 , . . . , C n - 1  be 

pairwise disjoint arcs in X that  are cut by the y-axis. Let ~ > 0 be such that  
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n - 1  [-~,~]  C Ni=l 7h(Ci). Let i e { 1 , . . .  , n - l } .  We select an embedding a:  I --+ C~ 

such tha t  7rl o a (0)  = - c  and 7rl o a(1)  = ¢. Define s = min(~rl o a ) - l ( { ~ } )  and 

r = max([0, s] N (~h o a ) - l ( { - c } ) ) .  Then  ~rl o a([r ,  s]) = [-~,  c], ~h o a(r )  = -~ ,  

and 7h o a(s)  = ~. So wi thout  loss of generali ty we may  assume tha t  C.i is an 

arc and tha t  there is an homeomorph i sm hi: I --+ Ci with 7rl(Ci) = [ -~,¢] ,  

~/-1 ( - e )  = {0}, a n d / ~ - l ( e )  = {1}, where/~i = 7rl o a/ .  

Next  we show tha t  ~ / i s  one-to-one. If/~i: I -+ I - e ,  ~] were not str ict ly increas- 

ing then by continuity there would exist a t E ( - e ,  e) such tha t  the fibre j3~ - l ( { t } )  

contains at  least three points  which means  tha t  the vertical line ~ = {t} × 1R would 

intersect C.i in at  least three points.  Since e meets  also every other  Cj this result  

would mean  tha t  e meets  X in a t  least n + 1 points  in contradict ion to the as- 

sumpt ion  tha t  every vertical  line meets  X in at most  n points. So we have tha t  

rq[C/: @ --+ [ - e , e ]  is a homeonmrph i sm and we let ~2i: [ - e , e ]  --4 1R denote the 

continuous m a p  rr2 o (rrl]Ci) -1.  Note tha t  Ci is the graph of ~bi. 

If  x E [ - e ,  e] then X intersects the vertical line {x} × R in precisely n points: 

( x , ¢ ~ ( x ) ) , . . . , ( x , ¢ ~ _ ~ ( x ) )  and  one other point  which we will denote  by 

(x,~&(x)) .  So ~ :  [ - e , e ]  --+ R is a well-defined function and the graphs  of 

all the ¢ i ' s  are pairwise disjoint. 

We prove tha t  ¢ n ] ( - e , e )  is continuous. Let a E ( - e , e )  and let a l , a > . . ,  be 

a sequence in ( - e ,  e) "-,{a} such tha t  l imj -~o  ay = a and limj-+oo ~&(ay) = b, 

where b ~ ¢n(a)  and we allow b = 4-00. Let N > 0 be such tha t  every line 

th rough  u = (a, ¢n(a) )  with slope greater  than  N or less than  - N  has its angle 

of inclination in U~, so it intersects X in at  most  n points. Define 

= ) { , , , o  
8 . - - a  

Choose a j such tha t  I~n(aj) - Cn(a)l > Mla j  - al. If  e is the line through 

(a, Cn(a)) and (aj,~)n(aj)) then its slope is ei ther greater  than  M or less than  

- M .  This  means  tha t  ~ is s teep enough and close enough to the vertical  line 

{a} × • so tha t  e intersects the graph  of ~bi for every i _< n - 1; see Figure 2. 

Since ~ intersects the graph of ~bn in two points  we find t ha t  ~ N X contains a t  

least n + 1 points,  which is not possible because the absolute value of the slope 

of t exceeds N and hence I~ N X I <_ n. I t  now follows f rom the In te rmedia te  

Value Theorem tha t  the ¢ i l ( - ~ , ¢ ) ' s  can be ordered to produce the sequence 

~1 < . . . < ~ n .  . 
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_ g 

- c  0 a aj c 

Figure 2 

THEOREM 10: Let  X C R 2 and let U be a neighbourhood o f  Tr/2 in P such tha t  

every line ~ wi th  0(~) c U and ~ O X ¢ 0 meets X in precisely  n points.  I f  there 

is a vertical line that  cuts  n - 1 disjoint subcont inua o f  X then there exis t  n 

continuous funct ions ~1 < "'" < ~,~: R --+ N such that  X equals the union o f  the  

graphs o f  the  (i 's. 

Proof: Let X and U be as in the premises of the theorem. Choose an x y -  

coordinate system such the y-axis cuts n - 1 pairwise disjoint subcontinua of 
X. 

Since every vertical line either misses X or intersects X in precisely n points 

there exist uniquely detemfined functions (1 < "'" < ~n: 7rl(X) --+ N such that 

X equals the union of the graphs of the functions. 
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Let N > 0 be such that  every line e that  meets X and whose slope exceeds N 

or is less than - N  has the property 12 M X I = n. Note that  every line with slope 

> N or < N meets X in 0 or n points. I t  is easily seen that  every point in the 

plane has arbitrarily small neighbourhoods whose boundaries are contained in, 

say, four of such lines. Consequently, X and its subsets are rim-finite. According 

to Menger [17] every rim-finite continuum is arcwise connected so we may assume 

that  the y-axis cuts n - 1 pairwise disjoint arcs in X. Lemma 9 then guarantees 

that  there is a 5 > 0 such that  ( -5 ,5 )  C ~rt(X) and is continuous for 

each i E {1 , . . . ,  n}. We will show that  every ~i is continuous on the whole real 

line which means that  X is merely a topological sum of n copies of R. 

Assume that  some ~i is undefined or discontinuous somewhere. By symmetry  

we may assume that  the problem occurs for positive x. We define s E [5, co) by 

s = sup{x E R: ~i[[0, x) is well defined and continuous for every i}. 

Note that  each ~i1[0, s) is continuous. 

CLAIM 1: limx,zs ~i(x) = ~/i exists for each i E { 1 , . . . , n } .  

Proof: First we prove that  ~nl[0, s) is bounded above. Assume that  

limsupx/~ ~ ~n(x) = co and select an increasing sequence xl ,  x2 , . . ,  in (0, s) such 

that  l imj_.~ xj  = s and l i m j _ ~  ~n(Xj) = co. Select a k > 1 such that  

~ n ( X k ) -  ~n(Xi)  > max { i ,  ~n(xl)  -- ~1(0) }.  
Xk -- Xl  Xl  

Let f be the linear function whose graph is the line g through (xl ,  ~n(Xt)) and 

(Xk,~n(Xk)).  Note that  f(0)  < El(0) and that  f ( x l )  = ~n(xl)  > ~n--l(Xi). Since 

~1 < "'" < ~n-x we have with the Intermediate Value Theorem that  g cuts the 

graph of ~il[0, xl] for each i _~ n - 1; see Figure 3. 

Since g meets the graph of ~ in at least two points we have that  g M X contains 

at least n + 1 points, a contradiction because the slope of g exceeds N. 

So we have that  ~nl[0, s) is bounded above and by symmetry  that  ~1t[0, s) is 

bounded below, showing that  every ~i1[0, s) is bounded. Consider a ~i and assume 

that  a = lim infx/~ ~ (x )  < lim supx/~ , ~ (x )  = b. This means that  ~i displays 

"s in( l /x)  behaviour" at s. Let e be the line through u = (s, (a + b)/2) with slope 

2N and observe that  u E X.  Note that  e separates (s, a) from (s, b) and hence we 

can select an increasing sequence xi ,  x2 , . . ,  in (0, s) such that  l imj_,~ xj  = s and 

g separates (x j ,~ i (x j ) )  from (x j+t ,~ i (x j+t ) )  for each j E N. Then the graph of 

~i intersects e in infinitely many points, in violation of the property le M X] = n. 

So a = b and the claim is proved. | 
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/ ,  

/ 

0 Xl X k 8 

Figure 3 

Pu t  ui = (s, 7i) for 1 < i < n and define 

m = max({0} U {i: ui is no arc-point of (Is, c~) × R) n Z } ) .  

Note tha t  71 _< "'" _< 7~ and choose 7o < 71 and 7n+1 > 7,,- We obviously have 

7,~ < 7,~+1- For every i E {m + 1 , . . . ,  n} let Ki  be an arc in ([s, ~ )  x R) n X 

tha t  contains ui. Since ({s} × R) n X is finite, every rq(Ki)  is a non-degenerate 

interval so we may choose an r > s such tha t  Is, r] C ~rl(Km+l) N . . .  n 7rl(K,*). 

Pu t  

t = max({0} U 7r2(Km+i U . - .  U It,*)). 

CLAIM 2 : / 1  f k E { m , . . . ,  n} iS SUCh that  7k < "'" < 7n then there exist an 

M >_ N and a dense subset D of  (M, oc) such that  for every p E D the line 

Y = 7k + p ( x  - s) cuts n - 1 pairwise disjoint arcs in X "-{uk}. 

Proo~ We may assume tha t  K k + l , . . . ,  K,* are pairwise disjoint. We define 

o 

7 - - 8  8 
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Let # E (M,:xD) and let the line g, be the graph of f ( x )  = "Yk + # ( x -  s). 
Assume that  a ¢ 8 is such that  (a, f(a)) is a point of X but not an arc-point 

of X.  Note that  f ( x )  = f(a) + p(x - a), f (r )  > t, f (s)  = 7k < 7k-hi, and 

f (0)  < ~1(0). Since g( , ,  x) = f(a) + , ( x  - a) depends continuously on the slope 

we can find a #1 E (M, oc), arbitrarily close to # such that  the linear function 

h(x) = g(p', x) shares the following properties with f (x) :  h(r) > t, h(s) < 7k+1, 

and h(0) < ~1(0). If a > s then we choose #~ slightly smaller than # but greater 

than N and if a < s then #~ > #. See Figure 4 for an illustration of the case 

a > s .  
So in either case h(s) > 7k = limx/~8 ~k(x). Let gt be the graph of h and 

note that  gl cuts the graphs of ~1,- . . ,  ~k- Since h(s) < 7k+1 and h(r) > t, e' also 

cuts each of the pairwise disjoint arcs Kk+l , .  •., Kn. None of the crossings can be 

equal to (a, f(a)) since that  point is no arc-point of X. So we have [e'NX[ > n + l ,  

a contradiction because pl > N. 

'a  n 

Uk+l 

f(al 

~t k 

t 

Ul 

0 8 a r 

Figure 4 

We may conclude that  every point in g~ MX \ { u k }  is an arc-point of X \{Uk}  
for any p E (M, oc). Since # > N and uk C tM~ we have ]t~,MX] = n so gp must 
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contain at  least n -  1 points  from X \ { u k } ,  all of which are arc-points.  Applying 

L e m m a  8 we find tha t  there exists a u, arbi t rar i ly  close to tt, such tha t  e .  cuts 

n - 1 pairwise disjoint arcs in X \ { u k } .  | 

CLAIM 3: ~/m < "frn+l < " ' "  < ")'n" 

Proof:  Assume tha t  k > m is such tha t  7k-~ = T k  < 7k+l < . . .  < 7n. Then  

uk is a t r i p l e  p o i n t  in X,  i.e., a point  where three disjoint arcs in X meet:  Kk,  

and the graphs  of ~k_ll[0, s) and ~kl[0, s). On the other  hand,  by Cla im 2 and 

L e m m a  9 there exist a line ~ through uk and an e > 0 such tha t  every componen t  

of U~ (f) N X is homeomorphic  to R. Obviously, we have a contradict ion.  | 

Observe tha t  we may  now assume tha t  the arcs K , ~ + I , . . . , K ~  are pairwise 

disjoint. 

CLAIM 4: m _> 2. 

Proof: If  m _< 1 then according to Cla im 3, 72 < . . .  < 7n and ui is a crossing 

of the vertical  line {s} x R with the arc (~il[0, s ) ) U  I i i  for each i e {2 , . . .  ,n} .  

By L e m m a  9 we have tha t  there is an e > 0 such tha t  every ~il(s - e, s + c) is 

continuous, violat ing the definition of s. | 

CLAIM 5: ~m ---- ~ m - 1 -  

Proof: Assume tha t  ~/m-1 < ~frn and draw a line f ( x )  = ~,~ + # (x  - s) th rough 

Um with # large enough so tha t  p > N ,  f ( r )  > t, and f (0 )  < (1(0). Then  

this line g cuts the graphs  of ~1 I[0, s ) , . . . ,  ~m-1 I[0, s) and it cuts each of the arcs 

K m + b . . . ,  Kn for a to ta l  of n - 1 crossings; see Figure 5. 

By L e m m a  9 there exists an ~ > 0 such tha t  every component  of Ue (~) ~ X is 

a closed subset  of Ue(g) t ha t  is homeomorphic  to IR. This  means  tha t  Um lies on 

a copy of N in X and hence two arcs meet  a t  u,~, one of which is the graph  of 

~ml[0, s). So there is an arc I (  C X,  disjoint from the graphs  of every {il[0, s), 

t ha t  contains urn. Since K can intersect the line {s} x R in only finitely m a n y  

points  we m a y  assume tha t  7rl (It" \{urn})  C (s, oc) or r r l (K \{u rn})  C [0, s). The  

first inclusion violates the definition of m so consider the second option. Select 

a point  (a, b) E K such tha t  a < s. Then  the vertical line {a} x R intersects X 

in n + 1 distinct points: (a, b), (a, { l (a))  . . . .  , (a, ~n(a)). | 

Consider the continuous function h: [0, s) -+ R whose value is the slope of the 

secant line through (x, ~,n-l  (x) ) and Urn = Urn--l, i.e., 

h(x) = "frrt--1 -- ~m- - l (X)  

8 - - X  
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Figure 5 

C L A I M  6: h ~ unbounded above. 

Proof'. Let B be such that  h(x) < B for each x E [0, s) and B > N. Using Claims 

2 and 3 we can find a # > B such that  the line 2 through um that  is the graph of 

the function ](x) = ~f,~ + # ( x -  s) cuts n - 1 pairwise disjoint arcs C I , . . . ,  Cn-1 
in X \{?~m}- Since # > h(x) and 7rn : ~ m - - 1  W e  have f(x)  < ~m-l(X) < ~m(X) 
for every x E [0, s). So we may assume that every Ci is disjoint from the graphs 

of ~m_ll[0, s) and ~ml[0, s). It is obvious that we can find a line 2', parallel and 

slightly above 2 such that 2 meets every Ci and the graphs of both ~m-1][0, s) 

and (ml[0, S); see Figure 6. 

So 21 intersects X in at least n + 1 points and the claim is proved because the 

slope of 2,/t, is greater than N. | 

Select an increasing sequence h i , a2 , . . ,  in (0, s) such that  l i m j _ ~  aj -- s, 
h(al) < h(a2) < .-., and l imj_~  h(aj) = cx). For each j E N let 2j be the line 

through the points (aj,~m-l(aj)) and u,~-i =Um,  i.e., 2j is the graph of the 
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function 

ON THE STRUCTURE OF n-POINT SETS 

f j ( x ) = ? m + h ( a j ) ( x  - s ) = ~ m _ l ( a j ) - t - h ( a j ) ( x -  a j ) .  

Since h(aj+l) > h ( a j )  we have tha t  

~ m - l ( a j - 1 )  = %n + h ( a j + l ) ( a j + l  - s) < 7m + h ( a j ) ( a j + l  - s) = f ( a j + l )  

C.-I 

333 

~rn 

~m-1  ~ ~ U m ---- Urn_ 1 

?'--- C2 

c1 

8 

Figure 6 

so ( a j + l , ~ m - l ( a j + l ) )  lies below ej. Let vj  =- ( b j , ( m _ l ( b j ) )  be a point  on the 

graph  of ~m_l t (a j ,  s) t ha t  lies below ~j and has m a x i m u m  distance towards ~j. 

The  line ~- tha t  is parallel to £j and passes through vj can be described by the 

function 

gj(x)  = ~m-~(bj)  + h ( a j ) (x  - b ) "  

Observe tha t  limj_~c¢ g j ( r )  = 7m-1 + c c ( r -  s) = c~ and l i m j _ ~  gj(O) = ~/m-1 - 

oc .  s = - c o .  Choose a k E N large enough so tha t  gk(r )  > t, gk(0) < (1(0), and 
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h(ak) > N. See Figure 7. 

~k 

Isr. J. Math. 

Ivk 

ak bes r 

Figure 7 

Since gk(O) < ~i(0) and gk(bk) = ~m-l(bk) > ~i(bk) for every i e {1 , . . . ,  m- -2}  

we have that  g~ cuts the graphs of ~11[0, bk],... ,~m-~l[0, bk]. Since gk(s) < 7m 
and gk(r) > t, g~ also cuts K m + l , . . - , / ( n -  That  is a total of n - 2 cross- 

ings distinct from vk. Let C1 . . . . .  Ca-2 be pairwise disjoint arcs in X and let 

w l , . . . ,  Wn-2 be points on ~ such that  for every i < n - 2, wi is a crossing of 

~' with C~ and Ci is disjoint from the graph of ~m-l[(ak, S). Since the slope k 
of g~ is greater than N the line meets X in n points so there must be a point 

wo = (c, gk(c)) on g~ that  is distinct from wl , . . . ,Wn-2  and vk. If  necessary, 

shorten a Ci so that  none of them contains w0. In addition, choose an s > 0 such 

that  [bk--~, bk+~] C (ak, s) and Wo does not lie on the graph of ~,~_1 [[bk-c, bk+~]. 

Just as in the proof of Lemma 8 we can find a slope p close to h(ak) so that  the 

line y = gk(c) + #(x -- C), which is obtained by rotating g~ slightly about  wo, still 

cuts every Ci and also the graphs of both ~m-1][bk - ¢ ,  bk) and ~m-l[(bk, bk + c]. 
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If C > bk then we choose tt slightly smaller than  h(ak) but  greater than  N and if 

c < bk then # > h(ak); see Figure 8 for the case c > bk. 

~m-- 1 

C1 

Vk 

0 bk c 

Figure 8 

WO 

n-2  

J 

By rota t ing we have turned the point  vk into two points of intersection so we 

have tha t  f~ intersects X in at  least n + 1 points. Note tha t  this contradict ion is 

obtained assuming only tha t  s exists so we conclude tha t  every ~i is continuous 

on the whole real line. Theorem 10 is proved. | 

The First  Structure Theorem follows immediately from the next result. Let us 

call a planar set X a l m o s t  an n-point  set if there is a nowhere dense subset Z 

of P such tha t  every line ¢ with 0(f) ~ Z and e F) X # 0 meets X in precisely n 

points. 

THEOREM 11: Assume that X C R 2 is almost an n-point set. I f  there is a line 

that cuts n -  1 pairwise disjoint subcontinua of  X then X consists of n parallel 

lines, 

Proof'. Let U be a dense open subset of P such tha t  every line g tha t  meets 

X and with slope 0(g) in U intersects X in exactly n points. If  there is a line 



336 K. BOUHJAR AND J. J. DIJKSTRA Isr. J. Math. 

that  cuts n - 1 disjoint continua then this property is preserved under small 

rotations of the line; see Figure 1. So we may assume that the line e that cuts 

n - 1 subcontinua of X has the property 0(e) E U. Choose an xy-coordinate 

system such that g is the y-axis. According to Theorem 10 there exist continuous 

functions ~1 < "'" < ~,~: R -+ R such that X is the union of their graphs y = ~i (x). 

Note that every point of X is an arc-point. 

It suffices to show that every ~i is a linear function. Assume that some ~i is 

not linear so we can find real numbers a < b < c such that (a,~i(a)), (b,~i(b)), 

and (c,~i(c)) are not collinear. Then we can find a line L through (a,~i(a)) 

that separates (b, ~i(b)) from (c, ~i(c)). Because U is a dense set of directions we 

can arrange that O(L) e U. Note that any line through (a ,~(a))  with angle of 

inclination in U intersects X in n - 1 other points, all of which are arc-points 

of X \ { ( a , ~ i ( a ) ) } .  So Lemma 8 applies and we may assume that L cuts n - 1 

pairwise disjoint arcs in X while retaining the property O(L) C U. In addition, 

since the rotation can be chosen arbitrarily small, we can arrange that L still 

separates (b,~(b)) from (c,~(c)) .  Note that L intersects a component of X,  

namely the graph of ~i, in at least two points, (a, ~i(a)) and somewhere between 

b and c. 

Select an xly~-coordinate system such that L is the yr-axis. According to 

Theorem 10 every component of X is the graph of a function y~ = ~(xt). Since 

the yl-axis intersects a component twice we have a contradiction. | 

We derive the Second Structure Theorem from the First by combining the fol- 

lowing lemma with Kulesza's proof [12] that two-point sets are zero-dimensional. 

I f X  i s a s p a c e  then we define X* = {u • X: induX > 0}. I f u  • R 2 and 

V C P then we define 

sectu V - -  {v • R 2 \ { u } :  o(n(u ,v) )  • V}.  

Note that sectu V is open if V is open. If V C P then we call a planar set X 

a pa r t i a l  n -po in t  set  rel V if every line ~ with 0(e) E V intersects X in at 

most n points. The concept of an n-point set is of course meaningless if n < 2. 

However, for partial n-point sets we do allow n to assume the values 0 and 1. 

LEMMA 12: I f V  is a nonempty open subset of P and X is a planar set such that 

X* is a partial one-point set r e /V  then either ind X <_ 0 or X contains an are. 

Proof: Let V be a nonempty open subset of P, let indX > 0, and let X* 

be a partial one-point set rel V. We may assume without loss of generality 

that rr/2 E V and that X is bounded. Let B be the compactum that is the 
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closure of X* in R 2 and note tha t  ind(B N X)  > 0 by [10, Corol lary 1.5.5]. 

We show tha t  g = 7rllB is a one-to-one function. Choose an x E (0,~r/2) with 

(~r/2 - s, ~ / 2  + x) C V. Observe tha t  if (xl ,  Yl) and (x2, Y2) are points  in X* 

then ]Y2 - Yll -< (cote)Ix2 - Xl]. Let  (c,d) and (c,d') be points  of B and select 

sequences (xi, Yi) and (x~, y~) in X* tha t  converge to (c, d) respect ively (c ,d ' ) .  

Then  d = d ~ because 

I d'  - dl = ili~ n lY~ - Yil <- (cot c ) i ~ n  Ix~ - xi I = (cot~)lc  - c I = 0. 

Since B is compac t  we have tha t  g: B -+ 7rl(B) is a homeomorph i sm  so 

g(B N X )  is a one-dimensional  subset  of R Let [a, b] be a non-degenerate  

interval in g(B n X )  and observe tha t  g-l([a,b]) is an arc tha t  is contained 

in X.  I 

Inspect ion of Kulesza ' s  p roof  [12] t ha t  every one-dimensional  par t ia l  two-point  

set contains arcs shows tha t  it also suppor ts  the following result, cf. [2, §4.3]. 

LEMMA 13: Let V be open in P and let X C R 2 be a partial two-point set  re/ 

V. I f  u is a point in X* then either i nd (X nsec tu  V) <_ 0 or X n s e c t u  V contains 

a n  arc .  

If  we combine the following result  with St ruc ture  Theo rem 1 then we have 

St ruc ture  Theo rem 2. 

THEOREM 14: Let ~ be a line and let V be a neighbourhood of  8(£) in P. Let 

X be a partial n-point set  r e / V  tha t  contains n - 2 pairwise disjoint continua 

C 1 , . . . , C n - 2  that are all cut by t. I f  there is a point u E X * N £ " -  n-2 Ui=l  q 
n--2  then there are an arc C~-1 C X \ Ui= l  c i  and  a line f', parallel to g, that cuts 

C , , .  . . ,  C n - , .  

Proof: I t  is easily seen tha t  we can find an open ne ighbourhood U C 
n--2 R2 \ U i = l  c i  of u and an open interval W c V around 8(e) such tha t  any 

e' t ha t  meets  U and with 8(e') E W cuts each of the cont inua C b - . . , C n - 2 .  

Consequently,  U N X is a par t ia l  two-point  set rel W. 

If  U N X contains an arc Cn-1  then, since U n X is a par t ia l  two-point  set 

rel W,  the arc Cn-1  is not contained in any line tha t  is parallel  to ~. We can 

obviously find a line g', parallel  to e, t ha t  cuts Cn-1 .  Then  e' also cuts all the 

other  Ci's and the proof  is finished. 

So we m a y  assume tha t  U N X contains no arcs. Note t ha t  u E (U N X)*.  If  

we app ly  L e m m a  12 to U n X then we find tha t  (U N X)*  is no par t ia l  one-point  
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set rel W so there are two points v and w in (UMX)* such that O(L(v,w)) E W.  

This result contradicts Lemma 13. I 

3. E x t e n s i o n  t h e o r e m s  

Every subset of an n-point set is a partial n-point set but not every partial n-point 

set is contained in some n-point set. In this section we address the extension 

problem, that is, the question under what conditions a partial n-point set is 

contained in some n-point set. Note that the structure theorems are "negative 

extension theorems" because, for instance, Theorem 1 states that whenever a 

planar compactum C consists of n - 1 pairwise disjoint arcs that are all cut by 

some line then C is not extendible to an n-point set. The forms that positive 

extension theorems can take are of course limited by the structure theorems. Let 

us consider some illustrations. 

Example 1: Let n = 2k be an even number greater than 2. Let C be the 

union of k - 1 concentric circles. Since C is obviously a partial (n - 2)-point set 

we have according to [4, Theorem 5.2] that C is contained in some n-point set. 

Obviously, if u is an arbitrary point in the plane then a line through u and the 

centre of the circles cuts n - 2 pairwise disjoint arcs in C. Consequently, by the 

Second Structure Theorem any n-point set X that contains C has the property 

ind(X \ C) = 0. 

Example 2: Let n = 2 k + l  be an odd integer greater than 3. Let the compactum 

C be the union of k - 1 circles that are tangent to a line ~ at the origin together 

with a circular arc Co with its endpoints on f as described by Figure 9. 

Observe that C is a partial (2k - 1)-point set so C is extendible to an n-point 

set. Let X be such an extension o f C .  I f u  ¢ f then we can draw a line ~ 

through u and a point v inside C1 that is close enough to 0 so that ft separates 

the endpoints of Co. So f~ cuts Co and meets each circle in two points. According 

to the Second Structure Theorem we have ind(X "-(C U 2)) = 0. Since X M ~ is  

finite we may conclude that ind(X \ C) = 0 by [10, Corollary 1.5.6]. 

These examples suggest that extension theorems should have a form similar to 

the following naive conjecture: i f  C is a compact partial (n - 2)-point set and Z 

is a zero-dimensional compactum such that C U Z is a partial n-point set then 

C O Z is extendible to an n-point set. 

This conjecture was shown to be false in the case n = 2 by Dougherty [9] and 

Dijkstra and van Mill [7]. Later in this section (Propositions 21 and 22) we show 
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tha t  for every n _> 2 there exist Cantor  sets tha t  are part ial  n-point  sets but  fail 

to  be extendible to n-point  sets. 

Figure 9 

We will present three positive extension theorems in this section, Theorems 15, 

17, and 19, tha t  have the same basic form as the conjecture: all three contain the 

premises tha t  Y is a partial  n-point  set, Z is a subset of  Y such tha t  C = Y \ Z 

is a part ial  (n - 2)-point set in t andem with a condition tha t  forces Z to be 

zero-dimensional. 

Theorem 5.2 in [4] states tha t  every partial  (n - 2)-point set can be extended 

to an n-point  set. We observe tha t  the following improvement  can be obtained 

by a slight modification of the proof  given in [4]. Let c denote 2 ~°. 

THEOREM 15: Let  n > 2, let Y be a partial n~point set, and let Z be a subset 

o f  Y .  I f  [Z I < ¢ and Y \ Z is a partial (n - 2)-point set then Y is contained in 

some n-point  set. 

Proof." In the proof  of [4, Theorem 5.2] we start  the induction with E0 = Z 

instead of E0 = 0. | 

Example  3: 

in Figure 10. 

Let n _> 4 and let Y be the union of n - 2 disjoint arcs as shown 

Note tha t  the arcs are arranged in such a way tha t  any line tha t  
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intersects  a single arc twice does not  meet  any  of the  o ther  arcs. Consequently,  

Y is a pa r t i a l  (n - 2)-point  set, p rov ided  t ha t  n >_ 4. So by  Theorem 15 the set 

Y is con ta ined  in some n -po in t  set X .  Since there  are lines t h a t  cut  all  n - 2 

arcs we have t ha t  the  count  of  n - 2 cont inua in the  S t ruc tu re  Theorem cannot  

be lowered. 

K1 

/ 
K3 K~_2 

Figure  10 

Let  n >_ 4, let  ~ be  the  x-axis ,  and  let  K1, K 2 , . . . ,  Kn-1 be dis joint  Example 4: 
arcs as in F igure  11. 

K2 K3 
\ \ 

/ / 

Kn-2 

/ / 
K1 K,~-I 

Figure  11 
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n - - 1  Note that e meets but fails to cut every Ki. Put  Y = [.Ji=l I(i and Z = e n Y 

and observe that [Z[ = n - 1 < ¢ and that Y \ Z is a partial (n - 2)-point set. 

By Theorem 15 the set Y is extendible to an n-point set X. This example shows 

that in the Structure Theorem the term "cuts" cannot be replaced by "meets". 

In connection with the same issue we obtain the following corollary to the 

Structure Theorem: 

COROLLARY 16: I f  X is a four-point set then every line meets at most three 

disjoint subeontinua of X .  

Proof Let X be a 4-point set and let C be a line that meets four pairwise 

disjoint subcontinua of X. According to [17] we may assume that the continua 

are arcs. Since X is a 4-point set every arc intersects e in only one point. Choose 

a coordinate system for the plane and choose names C1, C2, C3, C4 for the arcs 

such that 6 is the x-axis, Ci n 6 = {(xi,0)} for i E {1,2,3,4}, and xl < 0 < 

x2 < x3 < xa. If necessary, shorten each Ci so that (xi, 0) is an endpoint. 

Consequently, each arc lies either in the upper or in the lower halfplane. By 

symmetry we may assume that C1 lies in the lower halfplane. If three of the arcs 

lie on the same side of 6 then by shifting 6 slightly into that halfplane we obtain 

that the resulting parallel line cuts the three arcs, in violation of the Structure 

Theorem. 

So we may assume that the upper halfplane contains two of the arcs, say C/ 

and Cj. If u is a point in the plane other than the origin then (~(u) E P denotes 

the angle of inclination of the line through the origin and u. Note that the image 

under c~ of each of the arcs C1, C/, and Cj has the form [0, c], with 0 < ~ < ~r. 

Select a 5 in the interior of the smallest of the three intervals and note that the 

line through the origin with angle of inclination ~ cuts C1, Ci, and Cj. We have 

obtained a contradiction with the Structure Theorem. | 

Example 5: For every n > 5 there exist an n-point set X and a line 6 that meets 

X in n pairwise disjoint arcs, showing that Corollary 16 does not generalize to 

higher n. 

Let Y be the union of the arcs K1, K 2 , . . . ,  Ix'n that are positioned in an al- 

ternating pattern around a line £; Figure 12 shows the situation for odd n. Put  

Z = Y n 6. Observe that if £1 is a line distinct from £ and n is odd then g meets 

Y in at most (n + 1)/2 points and that (n + 1)/2 _< n -  2 because n > 5. If n 

is even then IY n 6' I _< (n + 2)/2 _< n - 2 because n _> 6. So Y \ Z is a partial 

(n - 2)-point set and ]Z I = n which means that Y is extendible to some n-point 

set by Theorem 15. 
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K3 
Figure 12 

K2 

/ 
K1 

It  was observed in [4] that  no (n - 1)-point set is extendible to an n-point set. 

Using Martin 's  Axiom we obtain the following result about  extending partial  

(n - 1)-point sets to n-point sets. 

THEOREM 17 (MA): Let  n > 3, let Y be a a -compac t  part ial  (n - 1)-point  set, 

and let  Z be a a -compac t  subset  o f  Y .  I f  ind Z < 0 and Y \ Z is a part ial  

( n  - 2)-point  set then Y is contained in some n-poin t  set. 

Proo~ Let Y, Z and Y \ Z be as described in the theorem. Let {£~: ~ < c} 

enumerate the lines in the plane. We construct by transfinite recursion a nonde- 

creasing sequence {Ea}~<c of subsets of •2 \ y with the following hypotheses: 

(1) lEvi < I~1 + ~0, 
(2) Y U E~ is a partial n-point set, 

(3) I(Y u E +I) n = n. 

Observe that  these properties imply that  Y U [.J~<~ E~ is an n-point set. It  

remains to perform the construction. 

Put  Eo = 0 and i fA < ¢ is a l i m i t  ordinal then EA = [.J~<AE~- Let (~ be 

a fixed ordinal number below c and consider Ea and e~. Let £ stand for the 

collection of all lines that  meet Y U Ea in precisely n points. If  go E £ then we 

put E~+I = E~. In all these cases the induction hypotheses are trivially satisfied. 
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Assume now that  ~ ~ £ so every g E £ has at most one point in common 

with ea. The set g~ N U ~ is the set of "forbidden" points, because if we add 

any of these points to E~ in order to satisfy statement (3) then we will violate 

hypothesis (2) for a + 1. We shall prove that  g~ n U / :  has a dense complement 

in g~, giving us many "good" points to choose from. 

Let u be a fixed point of E ~ \ g ~ .  I r A  is a subset of the plane that  does 

not contain u then E~(A) denotes the cone over A with respect to the vertex 

u, i.e., the union of all lines through u that  intersect A. Observe that  if A 

is compact then E~(A) is closed in R 2. Let g~ be the line through u that  is 

parallel to ~ .  Since Y \ g~ is a-compact  and second countable we can find 

compact sets F j C Y \ ~ ,  for j • N and i • { 1 , 2 , . . . ,  n - 1}, such that  for each 

j • N the collection {F1 j,  F~ . . . .  , FJ_I}  is pairwise disjoint and for each sequence 

vl, v2 , . . .  ,v,~-i of distinct points from Y \ gu there is a j • N with vi • F j for 

every i. 

Let j be an arbitrary natural number and define 

n--1 

= z n Fgn N e (Fj). 
i=2  

Observe that  Z j is a a-compact  zero-dimensional set. Define the radial projection 

/9~: Z~ --+ ~ by letting/9~(z) be the point of intersection of the line L(u,z)  
through u and z with g~. Since z E F1J C Y \ g~ we have that  z ~ u and that  

L(u, z) is not parallel to tf~. So/9~ is well-defined which automatically implies 

continuity. 

We now prove that  p?~ is one-to-one. Let z and z ~ be two points of Z~ such 

that/gu(z) = pg.u(z'). Since u ¢ g~ we have L(u, z) = L(u,p(z))  = L(u,p(z '))  = 
L(u, z'). Since z and z' are points of ZJ(u) we have that  they both belong to F~ 

n--1 and that  z • r~i=2 ~ ( F j )  which means that  we can find a point vi • F j Mn(u, z) 

for every i • {2,3 . . . .  , n -  1}. Because of pairwise disjointness of the FJ ' s  we 

have that  both {z, v2, v3 , . . . ,  vn-1} and {z', v2, v3 , . . . ,  Vn-1} have precisely n - 1 

elements all of which lie in Y r3 L(u, z) = Y n L(u, z~). Since Y is a partial 

(n - 1)-point set we must have that  z = z ~. 

So we may conclude that  B j =/gu (Z~) is a zero-dimensional a -compactum and 

hence a first category set in g~. Since lea[ < ¢ we have with Martin 's  Axiom 

that  the set 

( u O0 B -- ((Y U E~) n ,~) U U (L(u, v) n ~ )  u 5' 
u E E ~  ". e~ v E E ~  "-{u} j----1 
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has a complement in e~ that  is dense. So the set e~ \ B is infinite and we form 

E~+I by picking n - I(Y U E~) M e~ I points from ea \ B and adding them to 

E~. Observe that  E~+I M Y = 0, that  ]E~+I] < levi  + n < ]c~] + No, and that  

I(Y u E ~ + x ) n  e~l = n .  
I t  remains to verify hypothesis (2), i.e., that  Y W E~+I is a partial n-point set. 

Assume that  there is a line g such that  I(Y U E~+l)  M e I E n + 1. Then f ¢ t?~ 

and since Y U E~ is a partial n-point set we have that  there is a w E E~+I \ E~ 

such that  g M g~ = {w}. So e contains precisely n points from Y U E~ and 

hence g E £. We show that  B contains the forbidden point w, contradicting the 

property B M E a + l  "- E~  = 0. 

Since I(Y U E~) C/fl = n and Y is a partial (n - D-point set we can find a 

point u E f Cl E~. Note that  u ~ g~. If there is another point v • g M E~ then 

w • L(u ,v)  Me,~ C B. 

I f u  is the only point in gMEa then IYf3* I = n -  1 which implies that  there is a 

point z • gMZ because Y \ Z is a partial  ( n - 2 ) - p o i n t  set. The other n - 2  points 

in Y M e will be called v2, v3 , . . . ,  Vn-1. Note that  {z, v2, v3 . . . .  , Vn-1} C Y \ ~, 

because ea and g are not parallel. Then we can find a j • N such that  z • F~ 

a n d v i • g  f o r 2 < i < n - 1 .  S o z • Z  j a n d w = p a u ( z  ) • B  j C B .  l 

The next example shows that  the a-compactness of Z in Theorem 17 is 

essential. 

Example 6: Let n > 4 and let K 1 , K 2 , . . . , K n - 1  be n - 1 arcs as in Figure 

13 and let Qi be a countable dense subset of Ki for each 1 < i < n - 2. Let 
n--2 f~ = {L(u,v):  u # v and u,v  • Ui=l Qi} and define the countable set n = 

Kn-1 ('1U L:. Let Qn-1 be a countable dense subset of Kn-1 \ D. 

K1 K2 

Figure 13 

n - 1  n - 1  
Define Y = Ui=l Ki and Z = Y \ Ui=I Qi. Then Z is a zero-dimensional 
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Ga-subset of the compact partial (n - 1)-point set Y. We check that Y \ Z is a 

partial (n - 2)-point set. Suppose that there is a line t that  intersects Y \ Z in 

n - 1 > 3 points, which means that g intersects each Qi for 1 < i < n - 1. Since 

the arcs are arranged in such a way that every line that intersects one of the Ki's 

in two points does not meet any other arc we have that g meets every Ki in at 
n--1 

most one point and hence g must meet [.Ji=x Qi in at least two points. So g E £ 
n- -2  

and consequently C is disjoint from Q. -1 .  So t meets ~Ji=l Ki in n - 1 points, 

which is not possible. Hence Y \ Z is a partial (n - 2)-point set. 

It follows from the Structure Theorem that Y cannot be extended to an n-point 

set. 

COROLLARY 18 (MA): A a-compact partial two-point set Y is extendible to a 

three-point set if and only i f  ind Y < 0. 

Proof'. Let Y be a a-compact partial two-point set in the plane and suppose 

that ind Y < 0. Then by Theorem 17 A is extendible to a three-point set. 

Now let Y be a cr-compact subset of a three-point set. According to 

[4, Theorem 4.4] Y cannot contain nontrivial continua. By a-compactness we 

have ind Y <_ 0. II 

To see that a-compactness is necessary in the corollary let X be a two-point 

set. Then according to [12] X is zero-dimensional and by [4, Theorem 5.1] not 

extendible to a three-point set. 

Let 7-/1 denote the one-dimensional Hausdorff measure with respect to the 

standard Euclidean metric. It was proved under MA in [6] that whenever Z is 

a a-compact partial two-point set with 7-/1(Z × Z) = 0 then Z is contained in 

some two-point set. We present a generalization of that result. 

THEOREM 19 (MA): Let n > 2, let Y be a partial n-point set, and let Z a 

subset o f Y .  IfT-tl(Z x Z) = 0 and Y \ Z is a partial (n - 2)-point set then Y 

is contained in some n-point set. 

Proof." The beginning of the proof is identical to the first three paragraphs of 

the proof of Theorem 17. So we will restrict ourselves to describing the step from 

a to a + l  of the recursion under the assumption ~ ~ £ = {& [ (YUEa)n~ I = n}. 

Let ~ denote the Lebesgue measure on ~a. 

Let u be an arbitrary point in Ea \ Ca- Let g~ be the line through u that 

is parallel to C~. Then R 2 \ gu is an open subset of R 2 and so we can write it 

as a countable union of compact sets C1, C2, . . . .  Define ~=: R 2 "-C~ --+ ga by 

{p~(z)} = L(u, z) n Ca. Since ~ is a rational function and Ci is compact the 
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restriction ~uiCi is Lipschitz for each i C N. Recall that the image of a set 

with measure zero under a Lipschitz map has again measure zero and that 7-/1 

on ga is the Lebesgue outer measure. Since ~ I ( Z )  _< ~/I(Z x Z) = 0 we have 

~/l(~u(Z n Ci)) = A(v~(Z M Ci)) -- 0 for each i E N. By a-additivity of A we 

have A(T~(Z \ eu)) = 0. 

Put  A = {(u,v) • ]~2 z R2: v • e~} and note that R 4 \ A  is an open subset 

of •4 on which we may define the rational function ] :  R 4 \ A --+ ea by putting 

{f(z,  z ' ) }  = L ( z , z ' ) n  gc, By the same Lipschitz argument as in the previous 

paragraph we have that ~/I(Z x Z) = 0 implies A ( f ( ( Z  x Z)  \ A)) = 0. 

Note that the set 

B ---- ((Y U E~) Ng~) U f ( (Z  x Z) \ A) 

uEE~, "-. g~ vEE,~ \{u} 

is a subset ofga that is a union of finite sets, namely (YUE~)Mg~ and L(u,  v)Me~, 

and of sets with Lebesgue measure zero, namely f ( ( Z  x Z )  \ A) and ~ ( Z  \ gu). 

Since levi < c, Martin's Axiom guarantees that A(B) = 0; see Rudin [18, Theo- 

rem 15]. So we can find a sufficient number of points in g~ \ B to add to E~ so 

that I(Y U E~+I) Nell = n. 

Again, the only part that  requires verification is that  Y U E~+I is a partiM 

n-point set. Assume that there is a line g such that I(Y U E~+I) M gl >- n + 1. 

Then g ~4 g~ and since Y U E~ is a partial n-point set we have ~hat there is a 

w • E~+I \ Ea such that g M e~ = {w}. So g contains precisely n points from 

Y U E~ and hence g C £. We show that B contains the forbidden point w, 

contradicting the property B M E~+I \ E~ = 0. 

Since I(Y U E~) N gl = n and Y \ Z is a partial (n - 2)-point set we can find 

two distinct points u, v • (Z U Ea) M g. Neither u nor v are in ea because w is 

the only point that ga and g have in common. If u and v are both in E~ then 

w • L ( u , v )  C B .  If u and v are both in Z then (u,v) • (Z x Z ) \  A because 

eintersects g~. So in this case w = S (u , v )  • B.  I f u  E E~ and v • Z then 

v • Z \ e ~  and hence w - -  ~ ( v )  • B. I 

We now present a generalization of §2 in [6]. Let D be a compact convex set 

in the plane that has the origin as interior point. We define the continuous maps 

C~D,/3D: int D \ {0} --+ OD as follows: if u • int D \ { 0 }  let g~ be the line through 

u that is perpendicular to the ray from 0 to u. The intersection of g~ with D is 

a compact interval on gu that has u as an interior point. Denote the endpoints 

of the interval by aD(U) respectively /3D(U) in such a way that the direction of 
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the vector  from /3D(U) to ~D(U) is obta ined  by ro ta t ing  the vector  f rom 0 to u 

counterclockwise over 90 degrees; see Figure 14. 

OD g~ 

! 

Figure 14 

Observe tha t  if v E Cu then  0, u, and v lie on a circle tha t  has the line segment  

from 0 to v as a diameter .  Consequently,  the fibres of aD and /30  are subsets  of 

semicircles tha t  have 0 and a point  on OD as endpoints.  

If  X C ~2 t h e n / C ( X )  denotes the space of non-empty  c o m p a c t a  in X equipped 

with the Hausdorff  metric.  

THEOREM 20: Let  D1, D2, • .. be a sequence o f  compact  convex sets in the plane 

and let, for each i E N, Gi be a dense G6-subset  o f  K(ODi) .  A s s u m e  that  

m = inf{[[u[[: U ~ f~i-~l~ Di}  and M = sup{[[u[[: u e Ui=l°° Di} are nonzero 

respect ively  finite. I ra ,  b, and c are real numbers  with 0 < a < b < m <_ M < c 

then there exists  a compact  set  t (  C {u E JR2: a <<_ [lull <_ b} such that  for each 

i E N both o~0~ (I~) and/3Di (K)  are elements  o f  Gi and moreover every semicircle 

C that  has as endpoints  the origin and a point  u wi th  [[u[[ >_ c mee t s  K in some 

point  v. 

Observe tha t  by e lementary  geomet ry  the line L(u,  v) is perpendicular  to the 

vector  v and hence tha t  all points  ~o~ (v) and /3D, (v) lie on the line L(u,  v). 

Proo~ In [6, §2] this theorem is proved for the special case tha t  there is only one 

Di,  whose bounda ry  is the unit  circle, and with a = 1/8, b -- 7/8, and c = 2. But  

in the proof  of [6, Theorem 2.2] the values of a, b, and c were chosen arbi t rar i ly  

and the proof  works for any a, b, c with 0 < a < b < 1 < c. We will briefly sketch 

the proof  in [6] and indicate how to modify  it to fit the present  theorem.  Details 

can be found in Bouhjar  [2]. 
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Let D stand for the unit disk centered at 0 and let G be a dense G~-set in 

lC(OD). Select a sequence Oo ~ O1 D -.- of dense open subsets of tC(OD) such 

that  G = Nj=o Oj. Let E stand for the collection of all semicircles that have 

0 and a point u with IluH _> c as endpoints. Construct inductively a sequence 

Bo, B1, . . .  of compact subsets of the annulus A = {u E R2: a < Ilull _< b} such 

that every element of E intersects every Bi and such that for each integer j _> 0 

both O~D(B2j) and/~D(B2j+I) are finite elements of Oj. Every Bi consists in fact 

of a finite union of arcs that are contained in fibres of o~ D or /~D. The reason 

that when constructing Bi+l from Bi we can retain the property that these sets 

meet every element of E is that the radii of the circular arcs that are the fibres of 

o/D and/~D are bounded away from the radii of the semicircles in E which allows 

us to choose the arcs that make up Bi+l so close together that they cannot be 

separated from each other by circles with diameter at least c. In Theorem 20 

that property is guaranteed by the assumption M < c. 

The construction in [6] is such that every Bi+l can be chosen arbitrarily close 

to Bi so we can arrange that the Bi's form a Cauchy sequence in /C(A) with 

limit K. This means also that O~D(Bi+l) and ~D(Bi+I) will be close to ~D(Bi) 
respectively ~D(Bi+I) and hence we can make sure that aD(K) and/~D(K) are 

both eleinents of G by the same method that is used to prove the Baire Category 

Theorem. 

To deal with the infinite sequence D1,D2,.. .  instead of a single D let 

k(0), k(1) , . . ,  enumerate N in such a way that {j: i = k(j)} is infinite for every 

i E N. Select for each i  E N a s e q u e n c e  O~ D O~ D . - . o f  dense open subsets 

of IC(ODi) such that Gi o0 i = Aj=o Oj. We now arrange that for each j >_ 0, both 

OLD,(j) (B2j) and ~Dk(j)(B2j+I) are finite elements of k(j) Oj . | 

Theorem 20 has the following consequence. 

PROPOSITION 21: I f  n >_ 2 is even then there exists a compact partial n-point 
set Z with ?-ll(Z) = 0 that is not contained in any n-point set. 

This result shows that in Theorem 19 we cannot replace the condition 

H I ( z  x Z) = 0 by ~/I(Z) = 0. In addition, since Hi(C)  = 0 implies indC = 0 

we also see that in Theorem 17 it is essential that Y is a partial (n - 1)-point set 

and not just a partial n-point set. 

Proof: Let n -- 2k and let Ci = {u e R2: l[u[l = i} for i C {1 , . . . ,  k}. Since 7/I is 

an upper semicontinuous function we have that Gi = {K E/C(Ci): 7/1(K) = 0} is 

a Ga-set in/C(Gi). Recall that in the Hausdorff metric every compactum can be 

approximated by its finite subsets so every Gi is dense. According to Theorem 20 
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we can find for 1 <: i < k compact  sets Ai and Bi in Gi such tha t  for every point 

u with Ilull _> k + 1 there is a line f through u tha t  meets every Ai U Bi in two 
k points. Pu t  Z = U~_I(Ai u Bi) and note tha t  / / I ( Z )  = 0. If  Z is contained 

in an n-point  set X then we consider a line f whose distance towards the origin 

exceeds k + 1. If  u E f N X then there is a line through u tha t  contains n points 

from Z and hence tha t  line contains at  least n + 1 points from X,  showing tha t  

Z is not extendible to an n-point  set. | 

I t  takes a somewhat  greater effort to obtain  the same result for odd n: 

PROPOSITION 22: / f  n _> 3 is odd then there exists a compact partial n-point 

set Z with 7-/l(Z) = 0 that is not contained in some n-point set. 

Proo~ Let n = 2k + 1 and let C 1 , . . . ,  Ck be circles tha t  are tangent  to the line 

y = 1 at the point  q = (0, 1) with radii tha t  range from 1 to 1.5 as in Figure 15. 

3 

. )ck ii 

Figure 15 
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Pu t  Ck+l = {u e R2: I]uH = V~} and C0 = Ck+s N (R x [1, co)). Note tha t  

Co has endpoints p = ( - 2 ,  1) and r = (2, 1). Let &i and/~i be the obvious maps 

associated with Ci for 1 < i < k + 1. Choose with Theorem 20 for every m E N 

a colI lpactum 
ICm C {tt e ~ 2 : ( 1  + m - 2 )  -1/2 < IIlttl < 1} 

such that  ~-~l(o~i(Km ) U/~i(t(m)) "= 0 for 1 < i < k + 1 and such tha t  every 

semicircle with 0 and a point on the line y = 3 as endpoints meets K,,~. Define 

the compac ta  K '  m by K~ = K1 and, for m _ 2, 

I(Im = ICmn {(x,y) • R2: 3y ~ mlxl}. 

The shaded region in Figure 16 represents K '  m. 

C 

co 

u 

p j / ~ m ~ z ~  r 

ck 

Figure 16 

We define for m E N the compac tum 

k 

= "' U ( ,~ ( i ( - )  u ~ (~m) ) .  zm (Co n (o~k+~(K'~) u ~kTl(/~m))) U " !  

i=[ 
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Pu t  Z = {p,q ,r}  U Um°°=l Zm. Note tha t  7/1(Z) = 0 by the a-addi t iv i ty  of 

7/1. In order to show tha t  Z is compact  select a convergent sequence v2, va , . . .  

I Ik+l  Ci. Select for every m > 2 a such that  vm E Z m .  Then v = l imm- .~  Vm C wi=l 
Urn = (x,~, Ym) E t(:,~ such tha t  some O~i(ltm) or/3i('um) equals v,~. Consequently, 

urn" (vm - urn) = O. Since um e K ' ,  we have (1 + m-9~) - ' /2  < Ilumll < 1 and 

hence l i m m - ~  Ilumll = 1. We also have 

lira I,~:.~1 -< lira 3ym/m << 

and hence 

lira a l l u m l l / m  = 0 
~'IZ'--~ O 0  

~ --'Y O 0  7 n  - - ) ' C ~  

So we may conclude tha t  l i m m ~  u,,~ = q and hence taking the limit in Um• 

(Vm - urn) = 0 produces q.  (v - q) = 0. This means tha t  v lies on the line y = 1 

and tha t  v equals p, q, or r. We may conclude tha t  Z is compact .  

Assume now that  X is an n-point  set tha t  contains Z. Select a u in X tha t  lies 

on the line y = 3. Let u = (x, 3) and consider first the case Ixl _< 2. Then  bo th  

semicircles tha t  have 0 and u as endpoints intersect K1 = K~ in some point. Call 

these two points vl and v2 and note tha t  at least one of the two lines L(u, Vl) 
and L(u, v2) does not pass through q. Say tha t  q ¢ L(u, vl) and hence tha t  

k line intersects U~=I C~ in 2k distinct points tha t  are all contained in Z1. Since 

IIvll < 1 and lxl < 2 it is clear tha t  L(U, Vl) also meets Co in a point  of Z1. So 

L(u, Vl) contains n + 1 points of X,  a contradiction. 

Consider now the case Ixl > 2. Then  2 m - 2  _< Ixl _< 2m for some integer m _> 2. 

Let C be the semicircle with 0 and u as endpoints  tha t  passes through (0, 3); see 

Figure 16. Then  there is a point v = (x ~, y') in C A I(,~. Observe tha t  x ~ and x 

have opposite signs and that  the angle between the vectors u and v is acute. So 

we have u.v  = xx '+3y '  > 0 and hence 3y' > - x x '  = [xx'] > ( 2 m - 2 ) V  ] > m[x'[ 
which means tha t  v E K ' , .  Let  b be the point  on the y-axis tha t  lies on the line 

L(u,v) .  By similarity of triangles we find Ilvll/b = Ixl /v /x  2 + (3 - b) 2. If  b < 1 

then 

tivt I = b[x I < _ _ l x f  _ 1 < 1 
v/x2 + ( 3 _  b)2 - vf~fi + 4  v/1 + 4 x  -2 - x/1 + m - 2  

which contradicts  the properties of Kin. So we have tha t  b > 1 which means tha t  

the line L(u,v)  must intersect Co in either C~k+l(v) or /3k+l(v). It  also means 

tha t  L(u, v) does not  pass through q and hence L(u, v) contains 2k points of  Zm. 
Together  with u we have a total  of n + 1 points in X VI L(u,v) ,  contradict ing 

the n-point  proper ty  of X.  So we may conclude tha t  Z is not extendible to an 
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n-point set. (Note that in Figure 16 we chose for clarity over accuracy, resulting 

in the false suggestion that  b < 1.) | 

If X is a space and P is a property that can be applied to points of X then we 

say that gene r i c  elements of the space have the property P if there is a dense 

G6-set G of X such that each element of G has the property T'. Since 3/1 is 

an upper semicontinuous function we have that {K • /C(X): ?-/I(K x K) = 0} 

is a G6-set in K:(X). Recall that in the Hausdorff metric every compactum can 

be approximated by its finite subsets. So Theorem 19 implies that under MA 

generic compact partial n-point subsets of X are extendible to n-point sets. In 

Dijkstra [5] it is proved that this result can be obtained in ZFC when n = 2. 

We observe that for the proof in that paper to work it is irrelevant whether one 

considers two-point sets or n-point sets: 

PROPOSITION 23: I f  n >_ 2 and X C R 2 then generic compact partial n-point 

subsets of  X are extendible to n-point sets. 

We conclude this paper by formulating some questions. As mentioned in §2, 

Theorem 6, Bouhjar, Dijkstra, and Mauldin [3] showed that no n-point set is an 

Fo-set in the plane which leads us to: 

QUESTION 1: Can an n-point set be a G~-set in the plane? 

Dijkstra and van Mill [8] observed that the following result can be obtained as 

a corollary to the Kuratowski-Ulam Theorem [13]. 

PROPOSITION 24: Any  partial n-point set that is a G~-set in R 2 is nowhere dense 

in R 2 . 

It was shown in [4] that no three-point set contains nontrivial continua and that 

for each n _> 4 there are n-point sets that  contain arcs. Kulesza [12] proved that  

every two-point set is zero-dimensional by establishing that all one-dimensional 

partial two-point sets contain arcs. Note that the structure theorems do not 

decide the problem whether every three-point set is zero-dimensional. Recently, 

however, Fearnley, Fearnley and Lamoreaux [11] proved that all three-point sets 

must indeed be zero-dimensional. This suggest the following 

QUESTION 2: Does every one-dimensional partial n-point set contain arcs? 

We call a space X t o t a l l y  d i s c o n n e c t e d  if for every pair x and y of distinct 

points in X there is a clopen set C with x • C and y ¢ C. The following obser- 

vation shows that no one-dimensional partial n-point set is totally disconnected. 
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PROPOSITION 25: I f  X is rim-finite and totally disconnected then i n d X  _< 0. 

Proo~ Let B be an arbi t rary  open set in X with finite boundary  OB and let 

x E B. For each y E OB select a clopen se t  Cy such tha t  x E Cy and y @ C. It  is 

obvious tha t  U = B n ~ueOB Cu = B N NyeOB C~ is clopen and tha t  x C U C B. 
| 
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